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Abstract. Given n charges interacting with each other according to Feyn- 
man's law. Let (rj(t), Vj(t)) denote the position and velocity of the charge qj. 
The list y(t) of all such vectors is called a trajectory. A Lipschitzian trajectory 
x (f), (* ^ 0)> with continuous derivative, on which the velocities do not exceed 
some limiting velocity v < c, where c denotes the speed of light, is called an 
initial trajectory. A locally Lipschitzian trajectory y(t) is called relativistically 
admissible if the velocities on it stay below the speed of light c. The author 
constructs operators $j of a trajectory whose values &j(y)(t) are linear trans- 
formations of i? 3 into R 3 . A point t = ti on a trajectory y is called singular if 
either some of the charges collide at the time t\ or the determinant is zero for 
at least one of the transformations <3>j {y){ti )• The main result is the following: 
If x(t) (t < 0) is an initial trajectory with nonsingular point t = 0, then there 
exists a unique relativistically admissible trajectory y(t), defined for t in an in- 
terval I C (0, oo), extending the initial trajectory x(t) and having the following 
properties. (1) No point t on the trajectory y is singular. (2) The trajectory 
represents a unique solution of the Newton-Einstein momentum-force system 
of equations under Lorentz forces induced by electromagnetic field in accord 
to Feynman's law for moving point charges. (3) The trajectory y represents 
the maximal global solution of the system. 



Assume that we have a system of n charges interacting with each other accord- 
ing to Feynman's law for moving point chargesAssume that yj(t) = (rj(t),Vj(t)) 
denotes the position and velocity of the charge qj. The list y(t) of all such vectors is 
called a trajectory of the system. Let T> denote the differential operator 4; . Consider 
the Newton-Einstein system of equations with Lorentz forces 

VPi = 1] y^XEjk + - v j x \ e jk x Ejk]) (j = 1, • • • ,n) 



(1) h ^ 

p qk r e jk |r jfc | e jk 1 ^ ( ■ , lA 



where Ejk represents the intensity of the electric field acting onto the charge qj 
and generated by the charge qk, in accord with Feynman's law for moving point 
charges. 

The quantity pj denotes the relativistic momentum of the charge qj . In the above 
formula rjk represents the vector starting at a point on the trajectory of the charge 
qk, when the wave was emitted at time tjk, and ending at the point rj(t) at the 
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time t on the trajectory of the charge qj, when the wave arrived. The vector ejk 
denotes the unit vector in the direction of the vector rjk- 

A Lipschitzian trajectory x(t) (t < 0), with continuous derivative, on which the 
velocities do not exceed a certain limiting velocity v smaller than the speed of light 
c, is called an initial trajectory. A locally Lipschitzian trajectory y(t) is called 
relativistically admissible if the velocities on it stay below the speed of light c, 
though they may approach c arbitrarily close. 

Theorem 1. Assume that the trajectory y(t) (t > 0), extends an initial trajectory 
x(t) and is relativistically admissible. Then for every such a trajectory y there 
exist unique functions 

tjk{t) and rjkit) for all t ; S R 
that appear in Feynman's formula {!]] for the intensity of the electric field Ejk- 
Define the operators of a trajectory y by the following formulas 

^ = rw - [ ^E^°^ for * = 1 > 2 >-> n 

where mj is the relativistic mass of the charge qj. The operators T, Hjk, and Gjk 
have their values in the space of linear transformations from the Euclidean space 
R 3 into R 3 . They are given by the formulas for all h S R 

r(vj)(h) = h + Jj(uj, h)uj 
Hjk(h) = (h + -Vj X [e jk xh]) 

GjkQi) = \r jk \~ 1 {h + [c- (ejfc ) Ufc(tjfc))] -1 (ejfc,ft)[cejfc+i;fc(*jfc)]} 

where Uj — -Vj and jj = (1 — \vj | 2 c -2 ) -1 / 2 . 

A point t — t\ on a trajectory y is called singular if either some of the charges col- 
lide at the time t\ or the determinant is zero for at least one of the transformations 

Theorem 2. If x{t) (t < 0) is an initial trajectory with nonsingular point t = 0, 
then there exists a unique relativistically admissible trajectory y(t), defined for t in 
an interval I C (0, oo), extending the initial trajectory x(t) and having the following 
properties. 

(1) No point t on the trajectory y is singular. 

(2) The trajectory y represents a solution of the Newton- Einstein system of 
equations with Lorentz forces induced by electromagnetic field in accord to 
Feynman's law for moving point charges (OJ). 

(3) The trajectory y cannot be extended any further preserving the above prop- 
erties that is it represents the maximal global solution of the system ([ip. 

In order to prove the theorems the author makes use of the theory of generalized 
Lebesgue-Bochner-Stieltjes integral as developed in Bogdanowicz [2] and [3], the 
Banach contraction mapping theorem, and the works of Lorentz, Einstein, and 
Feynman. 

Detailed proofs of the theorems will appear in Quaestiones Mathematicae |10j . 



N-BODY PROBLEM OF ELECTRODYNAMICS 



3 



References 

[1] S. Bochner, Integration von Funktionen, deren Werte die Elemente eines Vektorraumes sind, 

Fund. Math. 20, (1933),p. 262-276. 
[2] W.M. Bogdanowicz, (also known as V.M. Bogdan), A Generalization of the Lebesgue- 

Bochner-Stieltjes Integral and a New Approach to the Theory of Integration, Proc. of Nat. 

Acad. Sci. USA, Vol. 53, No. 3, (1965), p. 492-498. On the web at 

http: / / faculty.cua.edu/bogdan/rep/10.pdf 
[3] — An Approach to the Theory of Lebesgue- Bochner Measurable Functions and to the 

Theory of Measure, Math. Annalen 164, (1 966), p. 251-269. On the web at 

http: / /faculty.cua.edu/bogdan/rep/14.pdf 
[4] — Existence and uniqueness of extensions of volumes and the operation of completion 

of a volume. Proceedings of the Japan Academy 42 (1966):571-576. On the web at 

http: / /faculty.cua.edu/bogdan/rep/15.pdf 
[5] — On volumes generating the same Lebesgue - Bochner integration. Proceedings of the 

National Academy of Sciences USA 56 (196 6):1399-1405. On the web at 

http://faculty.cua.edu/bogdan/rep/20.pdf 
[6] W.M. Bogdanowicz and B. Kritt, Radon - Nikodym differentiation of one vector-valued vol- 
ume with respect to another. Bulletin de l'Academie Polonaise des Sciences 15 (1967):479-486. 

On the web at 

|http: / / faculty.cua .edu/bogdan/rep/22.pdf 

[7] V.M. Bogdan, Existence and uniqueness of solutions for a class of non-linear-operator- 
differential equations arising in automatic spaceship navigation, NASA, Scientific and Tech- 
nical Information Branch, Technical Paper 1860, May (1981):1-18. On the web at 
http: / /faculty.cua.edu/bogdan/rep/58.pdf 

[8] V.M. Bogdan, Existence and uniqueness of solutions to nonlinear - operator - differential 
equations generalizing dynamical systems of automatic spaceship navigation. Nonlinear Phe- 
nomena in Mathematical Sciences, Academic Press, (1982): 123-136 On the web at 
http: / /faculty.cua.edu/bogdan/rep/60.pdf 

[9] V.M. Bogdan, Existence of solutions to differential equations of relativistic mechanics involv- 
ing Lorentzian time delays, Journal of Mathematical Analysis and Applications, Academic 
Press, 118, No. 2, September (1986),pp. 56 1-573. On the web at 
http: / /faculty.cua.edu/bogdan/rep/61.pdf 
[10] V.M. Bogdan, Feynman's Electromagnetic Fields Induced by Moving Charges and the Ex- 
istence and Uniqueness of Solutions to N-Body Problem of Electrodynamics, Quacstioncs 
Mathematicae, vol. 32, (2009):l-87 
[11] R. D. Driver and M. J. Norris, A Collinear n-Body Problem of Classical Electrodynamics, 
Nonlinear Phenomena in Mathematical Sciences, Vol. 4, pp. 329-334, Academic Press, New 
York, 1982. 

[12] A. Einstein, Zur Elektrodynamik bewegter Korper, Annalen der Physik. 17, 891: 1905. 

Enlish translation: On the Electrodynamics of Moving Bodies, The Principle of Relativity, 

Mcthuen and Company, 1923 and on the web at 

http: / /www.fourmilab.ch/etexts/einstein/specrel/www/ 
[13] R. P. Feynman, The Development of the Space-Time View of Quantum Electrodynamics, 

Nobel Lecture, December 11, 1965. On the web at 

http: / / nobelprize.org/nobel_prizes / physics /laureates /1965 / feynman-lecture.html 
[14] R. P. Feynman, R. B. Leighton, and M. Sands, The Feynman Lectures on Physics Vol. 1-3, 

Addison- Wesley, Reading, Mass., 1975. 
[15] H. A. Lorentz, Lectures on Theoretical Physics, MacMillan& Co., London, 1927. 

Department of Mathematics, McMahon Hall 207, CUA, Washington, D.C. 20064 
E-mail address: bogdan@cua.edu, web fttp: //faculty . cua. edu/bogdan 



